The structure of additional electromagnetic fields to the Aharonov-Bohm field, for which the Schrödinger, Klein-Gordon, and Dirac equations can be solved exactly are described and the corresponding exact solutions are found. It is demonstrated that aside from the known cases (a constant and uniform magnetic field that is parallel to the Aharonov-Bohm solenoid, a static spherically symmetrical electric field, and the field of a magnetic monopole), there are broad classes of additional fields. Among these new additional fields we have physically interesting electric fields acting during a finite time, or localized in a restricted region of space. There are additional time-dependent uniform and isotropic electric fields that allow exact solutions of the Schrodinger equation. In the relativistic case there are additional electric fields propagating along the Aharonov-Bohm solenoid with arbitrary electric pulse shape.
Introduction
The Aharonov-Bohm (AB) effect plays an important role in quantum theory revealing a peculiar status of electromagnetic potentials in the theory. This effect was discussed in [1] when studying the scattering of a non-relativistic charged spinless particle by an infinitely long and infinitely thin magnetic field of a solenoid (the AB field in what follows) of finite magnetic flux (a similar effect was discussed earlier by Ehrenberg and Siday [2] ). The Schrödinger equation with such a field was exactly solved and it was found that a particle wave function vanishes on the solenoid line. Although the particle does not penetrate the solenoid, while the magnetic field vanishes outside of it, the partial scattering phases are proportional to the magnetic flux (modulo a flux quantum) [3] . A nontrivial particle scattering by such a field was interpreted as a capability of a quantum particle to "feel" an electromagnetic field vector potential because the AB field vector potential does not vanish outside of the solenoid 1 . Solutions of the Dirac equations with AB field were found and studied in detail, see e.g. [4, 5, 6, 7, 9, 10, 11] .
A splitting of Landau levels in a superposition of the AB field and a parallel uniform magnetic field (we call such a superposition the magnetic-solenoid field-MSF) gives an example 1 Aharonov-Bohm field and its combination with additional electromagnetic fields
In sections 1 and 2, we use Lorentz coordinates x ν = (x 0 = ct, x, y, z), and cylindrical coordinates r, ϕ in the x, y-plane (x = r cos ϕ, y = r sin ϕ).
The Aharonov-Bohm field is a magnetic field B of an infinitesimally thin solenoid with magnetic flux Φ, B x = B y = 0, B z = Φ δ (x) δ (y) = Φ πr δ (r) , r 2 = x 2 + y 2 , Φ = const.
It can be described by the potentials A 
We denote by i, j, k three unit orthogonal vectors along the Cartesian axis x, y, z, whereas e ϕ and e r are unit orthogonal vectors of the cylindrical coordinate ϕ, r system. An important characteristic of the AB field is the mantissa µ of the magnetic flux Φ, which is defined as follows
where l 0 is an integer, Φ 0 = 2πc /|e| is the Dirac quantum of the magnetic flux, and e the algebraic particle charge. Then
Consider a linear combination of electromagnetic potentials of the AB field with an additional electromagnetic field. Potentials A ν of such a composite field, we represent as
The Schrödinger, Klein-Gordon, and Dirac equations with such a composed field have the form SΨ S = 0, S = cP 0 − P and the Dirac equation has an integral of motion of the form
Let us look for solutions of the Schrödinger, Klein-Gordon, and Dirac equations with the potentials (10) , solutions that are eigenfunctions of the operators (12) and (13) the eigenvalues
respectively. For the Schrödinger (S) and Klein-Gordon (K) equations such solutions have the form
where the functions ψ S,K (r, z, x 0 ) obey the equations
Here
For the Dirac equation (D), such solutions have the form
where the functions ψ s (r, z, x 0 ), s = 1, 2, 3, 4, obey the following set of equations
with the matrix operatorD having the form
Here ρ k , Σ k , k = 1, 2, 3, are Dirac matrices in the standard representation, and I a unit 4 × 4 matrix. Exact solutions of eqs. (15), (16) , and (19) are known only for two types of function f 2 (r) :
3 Klein-Gordon and Dirac equations
Exact solutions of eqs. (16) and (19) are known in the two cases considered below.
Case I:
In this case the functions f 0 and f 1 depend on r only (f 0,1 = f 0,1 (r)) and are linearly dependent. Let us consider solutions of eqs. (16) and (19) that are eigenfunctions for both operators i∂ 0 and i∂ z with the eigenvalues k 0 and k 3 respectively. Such solutions have the form (14) and (18) with (22) Equations for the functions ψ K (r) and ψ s (r) hold the form (16) and (19) with the natural substitution ∂ r → d/dr.
Let us suppose that the functions f 0 (r) and f 1 (r) are linearly dependent. In such a case, with the help of a Lorentz transformation, which does not changes the function f 2 (r), one can reduce the problem to the following non-equivalent subcases:
They are considered separately below.
Subcase 1
This subcase is characterized by the conditions
For such fields, the Dirac equation admits a spin integral of motion [30] T 1 = mρ 3 Σ 3 − k 3 ρ 1 . We consider solutions that are its eigenfunctions,
It follows from (23) with account taken of (18) that
Equations for functions ϕ 1 (r) and ϕ 2 (r) follow from (19) ,
Then the Klein-Gordon equation (16) takes the form
Solutions of the set (24) and eq. (25) (for nonzero f (r)) are known only for
These solutions have the form
where
The functions v s (x), (s = 0, 1, 2) have similar structure,
where A and B are arbitrary constants, and I p, n (x) Laguerre functions, related to the confluent hypergeometric function Φ(α, γ; x) by the relation (see [31] , pp. 1072 -1073) as
and the subscripts of the Laguerre functions p s , n s (s = 0, 1, 2) have the form
For non-negative integer n s , the functions (27) are square-integrable for A = 0 and B = 0, and the energy k 0 is quantized. In the case of the Dirac equation, we find
whereas in the case of the Klein-Gordon equation we have
Subcase 2
Thus, we are dealing with a pure magnetic field. In such a field, the Dirac equation admits a spin integral of motion T 2 = (ΣP), see [30] . Then we can impose an additional condition on the wave function,
Eqs. (29) and (19) are consistent if we set
in (19) , where the functions ϕ 1 (r) and ϕ 2 (r) obey equations that are similar to that of (24),
Now, the Klein-Gordon equation (16) takes the form
Equations (30) and (31) have exact solutions (for nonzero f (r)) only for
Such solutions have the form (they are similar to those in (26)
The functions v s (x), (s = 0, 1, 2) are given by expressions (27) , with the following indices of the Laguerre functions
For non-negative integer n s the functions (32) are square-integrable for A = 0 and B = 0, and the energy k 0 is quantized (n 1 = n − 1, n 2 = n 0 = n = 0, 1, 2, ....)
where τ = 1 for the Dirac equation and τ = 0 for the Klein-Gordon equation.
Subcase 3
In this subcase, the fields have the following properties
If eqs. (34) hold, then the bispinor Φ(r) in eq. (19) can be represented as
see [30] . The functions v 1 (r), v 2 (r) and ψ K (r) = v 0 (r) obey the equations
Equations (36) have exact solutions for the following two types of the functions f (r) and f 2 (r): a)
b)
As before, the functions v s (x), (s = 0, 1, 2) are given by expressions (27) , where the subindices of the Laguerre functions n s , p s have the form a)
For non-negative integer n s , the functions (37) are square-integrable for A = 0 and B = 0, and the energy k 0 is quantized (n 1 = n − 1, n 2 = n 0 = n = 0, 1, 2, ....). In the general case an explicit expression for the energy k 0 has not been obtained previously. Such expressions can be written for fields of the type a) as a root of an algebraic equation of power six, and for fields of the type b) as a root of an algebraic equation of power eight.
Case II
In this case, the functions f 0 and f 1 depend on z and x 0 and do not depend on r (f 0,1 = f 0,1 (z, x 0 )).
As follows from (11), additional fields have the form
According to a classification presented in [30] , these are longitudinal electromagnetic fields, the electric and magnetic fields are parallel to the axis z, and in addition H = H (r) and E = E (z, x 0 ). As was demonstrated in [30] , for such fields, solutions of the Klein-Gordon equation (16) can be found in the form
As to solutions of the Dirac equation (18), we represent the bispinor Φ(r, z, x 0 ) in the form
The functions v s (r), s = 0, 1, 2, and functions w ν (z, x 0 ), ν = 0, 1, in eqs. (42) and (43) obey the equations
Exact solutions of eq. (44) (for f 2 (r) = 0) are known in the two cases (21) and for f 2 (r) = γr, (γ = const) have the form (27) if we set there x = 2r γ 2 − k 2 ⊥ and 
The second case f 2 (r) = γr 2 corresponds to the so-called magnetic-solenoid field (the exactly solvable additional field is a constant uniform magnetic fields parallel to the AB solenoid) (G = 2γ in eq. (41)). For such a field, exact solutions have been studied in detail in numerous works, see e.g. [12, 16, 17, 19, 20] , and we do not repeat these results here.
Let us consider exact solutions of the equation (45). A wide class of exact solutions can be found if both functions f 0, 1 (z, x 0 ) depend on one variable only: f 0, 1 = f 0, 1 (x), where either x = z (in such a case, without loss of generality, we can set f 0 (z) = f (x) = 0, f 1 (z) = 0); or x = x 0 (and here also without loss of generality, we can set f 0 (x 0 ) = 0, f 1 (x 0 ) = f (x) = 0). If x = z, then we can select w ν (x, x 0 ) as an eigenfunction of i∂ 0 , in this case we find
If x = x 0 , then w ν (z, x) can be selected as an eigenfunction of i∂ z . In this case we find
Equations (47) and (48) are one-dimensional Schrödinger equations. Their exact solutions exist for the following functions f (x) :
where α, β = const. Such solutions are well-known, see e.g. [30] .
In two cases when the function f 0, 1 (z, x 0 ) depends essentially on both arguments z, x 0 , one can find exact solutions of eq. (45).
1) Let us set f 0 (z,
. Then w ν (z, x 0 ) can be selected as an eigenfunction of i(∂ 0 + ∂ z ) with the eigenvalue λ, which implies
2) Let us set f 0 (z,
. Then w ν (z, x 0 ) can be selected as an eigenfunction of the operatorq = i(z∂ 0 + x 0 ∂ z ) (this operator is an integral of motion for the Klein-Gordon and Dirac equations) with the eigenvalue λ, which implieŝ
Substituting (51) into (45), we find an equation for the function w ν (ξ),
Equation (52) can be solved exactly in two cases: a) f (ξ) = αξ, α = const, which corresponds to a constant and uniform electric field; b)
In these cases solutions have the form (27) ,
where one has to set respectively a)
Thus, with the above consideration, all the exactly solvable additional electromagnetic fields in the cylindric coordinates have been exhausted.
Schrödinger equation
Let us consider the Schrödinger equation (15) . Exact solutions of this equation are known also only for two types of function f 2 (r).
Let us suppose that additional fields can depend on the constant m (on the particle mass). Then: a) For f 2 (r) = γr one can find exact solutions for
The general solution of the Schrödinger equation (15) can be expressed via the Laguerre functions and has the form
where A and B are arbitrary constants. For a 0 and non-negative integer n = 0, 1, 2, ..., the functions (20) and (21) are square-integrable at B = 0, and the non-relativistic particle energy k 0 is quantized,
where L α n (x) are Laguerre polynomials (see [31] , eq. 8.970.1). b) f 2 (r) = γr 2 one can find exact solutions for α, β, γ, δ, λ = const, and
As in the previous case, the general solution of the Schrödinger equation (15) can be expressed via the Laguerre functions and has the form
where A and B are arbitrary constants and
For a 0, b > 0 and non-negative integer n, the function ψ S (r) is square-integrable and the non-relativistic particle energy k 0 is quantized,
If additional fields do not depend on m, then one has to set λ = 0 in eqs. (54) and (55), and δ = λ = 0 in eqs. (57) and (58).
For the fields of case II, solutions of the Schrödinger equation (15) can be written as
where the function v 0 (r) is a solution of eq. (44) (for s = 0). Exact solutions are known only for the functions (21) . The function w S (z, x 0 ) is a solution of the equation
If f 0 (z, x 0 ) = f (z) and f 0 (z, x 0 ) = 0, the function w S (z, x 0 ) can be selected as an eigenfunction for the operator i∂ 0 ,
Taking into account (60), we obtain for w S (z) the one-dimensional Schrödinger equation following equation
already discussed above. If f 0 (z, x 0 ) = 0 and f 1 (z, x 0 ) = f (x 0 ) (which correspond to a uniform electric field that depends on time), the function w S (z, x 0 ) can be selected as an eigenfunction for the operator
Taking into account (60), we obtain for w S (x 0 ) the equation
Its exact solution can be found for an arbitrary f (x 0 ),
For arbitrary functions f 0, 1 (z, x 0 ), equation (60) can be reduced to the one-dimensional Schrödinger equation
with the help of the substitution
We note that the potential in such an equation depends on time.
We believe that there exist new kinds of functions f 0, 1 (z, x 0 ) for which exact solutions can be found. The method of constructing such functions and corresponding solutions is developed in [32, 33] .
Thus, with the above consideration, all the exactly solvable additional electromagnetic fields in the case of the Schrödinger equation in the cylindric coordinates have been exhausted.
Structure of additional electromagnetic fields. Spherical coordinates
In the spherical coordinates r, θ, ϕ, x = r sin θ cos ϕ, y = r sin θ sin ϕ, z = r cos θ (68) potentials of the AB field (2) have the form
0 , −A (0) , A (0) = Φ 2πr sin θ e ϕ , e ϕ = −i sin ϕ + j cos ϕ .
Only some of additional fields and the corresponding exact solutions, which are considered above, have been sufficiently studied until now. Namely, a constant and uniform magnetic field that is parallel to the Aharonov-Bohm solenoid, a static spherically symmetrical electric field (in particular Coulomb field), and a field of a magnetic monopole.
In this work we have demonstrated that aside from these known cases, there are broad classes of additional external fields, for which exact solutions exist for both relativistic and non relativistic wave equations. Among these new additional fields we have physically interesting electric fields acting during a finite time, or localized in a finite region of space (see the potentials in (49). The corresponding exact solutions can be used in non perturbative calculations of different processes in QED with unstable vacuum (see. [34] ) and, therefore, to study the Aharonov-Bohm effect in such processes. There are additional time-dependent uniform and isotropic electric fields that allow exact solutions of the Schrödinger equation. It should be also noted that in the relativistic case these are additional electric fields propagating along the Aharonov-Bohm solenoid with arbitrary electric pulse shape (50).
Obtained results give a possibility to investigate precisely manifestations of the AharonovBohm effect in the background of a wide class of additional electromagnetic fields.
